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Abstract
After reviewing the recent results on the Drinfeld realization of the face type elliptic
quantum group Bq,λ(ŝlN ) by the elliptic algebra Uq,p(ŝlN ), we investigate a fusion of the
vertex operators of Uq,p(ŝlN ). The basic generating functions Λj(z) (1 ≤ j ≤ N − 1) of the
deformed WN algebra are derived explicitly.
1
1 Introduction
In recent papers [1, 2, 3], we showed that the elliptic algebra Uq,p(ŝlN ) provides the Drinfeld
realization of the face type elliptic quantum group Bq,λ(ŝlN ) [4] tensored by a Heisenberg algebra.
Based on this fact, we defined the Uq,p(ŝlN ) counterparts of the intertwining operators of the
Bq,λ(ŝlN ) modules and obtained their free field realization in the level one representation. The
resultant vertex operators, called the vertex operators of Uq,p(ŝlN ), are identified with the vertex
operators of the ŝlN type RSOS model in the algebraic analysis formulation[5]. In general, we
expect that the elliptic algebra Uq,p(g) with g being an affine Lie algebra provides the Drinfeld
realization for the elliptic quantum group Bq,λ(g) and enables us to perform an algebraic analysis
of the g type RSOS model.
On the other hand, the ŝlN RSOS model is known as an off-critical deformation of the WN
minimal model[6]. In this relation, it is remarkable that the elliptic algebra Uq,p(ŝlN ) in the c = 1
representation coincides with the algebra of the screening currents of the deformed WN algebra
[7, 8, 9]. In general, we expect that the elliptic algebra Uq,p(g) provides an algebra of screening
currents of the deformation of the coset CFT associated with (g)c⊕ (g)r−c−2/(g)r−2[1, 2], which
corresponds to the c× c fusion RSOS model of type g.
The purpose of this paper is to continue to discuss an explicit relation among the elliptic
algebra Uq,p(g), the g type RSOS model and the deformation ofW (g¯) algebra in the case g = ŝlN .
We here investigate a fusion of the type II vertex operator of Uq,p(ŝlN ) and its dual, and show that
the generating functions of the deformedWN algebra can be extracted from it. The idea of fusion
of the vertex operators was used in [10, 11] to derive the generating function of the deformed
Virasoro algebra ( corresponding to the φ1,3 perturbation) from the ABF model in regime III, in






point r = N + 2 (the ZN parafermion point) from the ABF model in regime II, and in [13]
for the deformed Virasoro algebra ( corresponding to the φ1,2 perturbation) from the dilute AL
model.
This article is organised as follows. In the next section, we briefly review the elliptic algebra
Uq,p(ŝlN ) as the Drinfeld realization of the elliptic quantum group Bq,λ(ŝlN ) according to [3]. In
section 3, we give a summary of the results on the free field realization of the vertex operators
of Uq,p(ŝlN ). In section 4, we discuss a fusion of the vertex operators of Uq,p(ŝlN ) and derive the
basic generators of the deformed WN algebra.
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which satisfy [−v] = −[v] and the quasi-periodicity property
[v + r] = −[v], [v + rτ ] = −e−πiτ− 2πivr [v].

















where C0 is a simple closed curve in the v-plane encircling v = 0 anticlockwise.
2 The Elliptic Algebra Uq,p(ŝlN)
2.1 Definition
Definition 2.1 ( Elliptic algebra Uq,p(ŝlN ) ) We define the elliptic algebra Uq,p(ŝlN ) to be
the associative algebra of the currents Ej(v), Fj(v) (1 ≤ j ≤ N − 1) and Kj(v) (1 ≤ j ≤ N)
satisfying the following relations.
Ei(v1)Ej(v2) =
[v1 − v2 + Aij2 ]∗
[v1 − v2 − Aij2 ]∗
Ej(v2)Ei(v1), (2.1)
Fi(v1)Fj(v2) =
[v1 − v2 − Aij2 ]










































Kj(v1)Kj(v2) = ρ(v1 − v2)Kj(v2)Kj(v1), (2.5)
Kj1(v1)Kj2(v2) = ρ(v1 − v2)
[v1 − v2 − 1]∗[v1 − v2]
[v1 − v2]∗[v1 − v2 − 1]Kj2(v2)Kj1(v1)
(1 ≦ j1 < j2 ≦ N), (2.6)
Kj(v1)Ej(v2) =




[v1 − v2 + j+r∗−N2 − 1]∗
Ej(v2)Kj(v1), (2.7)
Kj+1(v1)Ej(v2) =




[v1 − v2 + j+r∗−N2 + 1]∗
Ej(v2)Kj+1(v1), (2.8)
Kj1(v1)Ej2(v2) = Ej2(v2)Kj1(v1) (j1 6= j2, j2 + 1), (2.9)
Kj(v1)Fj(v2) =
[v1 − v2 + j+r−N2 − 1]
[v1 − v2 + j+r−N2 ]
Fj(v2)Kj(v1), (2.10)
Kj+1(v1)Fj(v2) =
[v1 − v2 + j+r−N2 + 1]
[v1 − v2 + j+r−N2 ]
Fj(v2)Kj+1(v1), (2.11)




























































+ (z1 ↔ z2) = 0 (|i − j| = 1).
(2.14)

















{pz}{pq2N z}{q2/z}{q2N−2/z} , ρ
+∗(v) = ρ+(v)|r→r∗ . (2.17)
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2.2 Realization of Uq,p(ŝlN )
The elliptic algebra Uq,p(ŝlN ) can be realized by using the Drinfeld generators of Uq(ŝlN ) and a




i,n (1 ≤ i ≤ N − 1 : m ∈ Z 6=0, n ∈ Z), c, d be the standard
Drinfeld generators of Uq(ŝlN )[14, 3]. Their generating functions x
±




























(1 ≤ i ≤ N − 1). (2.20)
Definition 2.1 We define “dressed” currents ei(z, p), fi(z, p), ψ
±
i (z, p), (1 ≤ i ≤ N − 1) by









i (z, p), (2.22)








2 z, p), (2.23)








2 z, p), (2.24)
where























aj,m (for m > 0), q
c|m|aj,m (for m < 0), we introduce new generators,








q2jmBjm = 0. (2.27)








 [(N − 1)m]q (j = k)−q−mNsgn(j−k)[m]q (j 6= k) , (2.28)
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for m,m′ ∈ Z 6=0, 1 ≤ j, k ≤ N . Then defining new currents kj(z, p) (1 ≤ j ≤ N) by












)z, p) = κ q±hjkj(q
N−jz, p)kj+1(q
N−jz, p)−1. (2.30)
On the other hand, let ǫj (1 ≤ j ≤ N) be the orthonormal basis in RN with the inner




ǫj , we have the weight lattice P of type
A
(1)
N−1; P = ⊕Nj=1Z ǫ¯j . Then, for example, the simple roots αj (1 ≤ j ≤ N − 1) of slN are given
by αj = −ǫ¯j + ǫ¯j+1. Let us introduce operators hα, β (α, β ∈ P ) by
[hǫ¯j , ǫ¯k] = 〈ǫ¯j , ǫ¯k〉, [hǫ¯j , hǫ¯k ] = 0 = [ǫ¯j , ǫ¯k], (2.31)
hα =
∑
j njhǫ¯j for α =
∑
j nj ǫ¯j and h0 = 0. Note that 〈ǫ¯j , ǫ¯k〉 = δj,k − 1N and [hαj , αk] =
2δj,k − δj,k+1 − δj,k−1 = Ajk. We hence identify hαj = −hǫ¯j + hǫ¯j+1 with hj in the Drinfeld
generators of Uq(ŝlN )
Definition 2.2 We define the ( centrally extended ) Heisenberg algebra C{Hˆ} as an associative
algebra generated by Pǫ¯j , Qǫ¯j (1 ≤ j ≤ N) and ηj (1 ≤ j ≤ N − 1) with the relations
[Pǫ¯j , Qǫ¯k ] = 〈ǫ¯j , ǫ¯k〉, [Pǫ¯j , Pǫ¯k ] = 0, (2.32)







sgn(j − k)log q, (2.33)
[Qǫ¯j , ηk] =
1
r
sgn(j − k) log q, (2.34)
[ηj , ηk] =
1
r
sgn(j − k) log q, (2.35)
[Pǫ¯j , ηk] = 0,
N∑
j=1
ηj = 0, (2.36)
[ηj , α] = [Pǫ¯j , Uq(ŝlN )] = [Qǫ¯j , Uq(ŝlN )] = [ηj , Uq(ŝlN )] = 0. (2.37)
Definition 2.3 We define the currents Ej(v), Fj(v),H
±
j (v) (1 ≤ j ≤ N − 1) and Kj(v) (1 ≤
j ≤ N) by












































where z = q2v and α¯j = −ηj + ηj+1.
Then it is easy to show that Ej(v), Fj(v),H
±
j (v) and Kj(v) satisfy the defining relations of
the elliptic algebra Uq,p(ŝlN ).
2.3 RLL relation
We next discuss a relation between two elliptic algebras Uq,p(ŝlN ) and Bq,λ(ŝlN ). We construct
a L-operator by using the half currents and show that it satisfies the dynamical RLL-relation
which characterizes Bq,λ(ŝlN ). We use the following abbreviations
Pj,l = −Pǫ¯j + Pǫ¯l = Pαj + Pαj+1 + · · ·+ Pαl−1 (2.42)
hj,l = −hǫ¯j + hǫ¯l = hj + hj+1 + · · · + hl−1 (2.43)
for j < l. From the definition of C{Hˆ} and (2.38)-(2.41), we have
[Kj(v), Pk,l] = (δj,k − δj,l)Kj(v) = [Kj(v), Pk,l + hk,l], (2.44)
[Ej(v), Pk,l] = (δj,k + δj+1,l − δj,l − δj+1,k)Ej(v), (2.45)
[Fj(v), Pj,l + hj,l] = (δj,k + δj+1,l − δj,l − δj+1,k)Fj(v), (2.46)
[Fj(v), Pk,l] = 0 = [Ej(v), Pk,l + hk,l]. (2.47)
Definition 2.2 We define the half currents F+j,l(v), E
+
l,j(v), (1 ≤ j < l ≤ N) and K+j (v) (1 ≤
j ≤ N) by














Fl−1(vl−1)Fl−2(vl−2) · · ·Fj(vj)
× [v − vl−1 + Pj,l + hj,l +
l−N
2 − 1][1]




[vm+1 − vm + Pj,m+1 + hj,m+1 − 12 ][1]











Ej(vj)Ej+1(vj+1) · · ·El−1(vl−1)










[vm+1 − vm − Pj,m+1 + 12 ]∗[1]∗
[vm+1 − vm + 12 ]∗[Pj,m+1 − 1]∗
. (2.50)
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Here wm = q
2vm and the integration contour C(j, l) and C∗(j, l) are given by
C(j, l) : |pql−Nz| < |wl−1| < |ql−Nz|,
|pqwm+1| < |wm| < |qwm+1|, (2.51)
C∗(j, l) : |p∗ql−N+cz| < |wl−1| < |ql−N+cz|,
|p∗qwm+1| < |wm| < |qwm+1|, (2.52)




q − q−1 = 1. (2.53)
2.4 L-operator
Definition 2.3 By using the half currents, we define the L-operator L̂+(v) ∈ End(CN ) ⊗





1,3(v) · · · F+1,N (v)







. . . 1 F+N−1,N (v)
0 · · · · · · 0 1






. . . 0
















. . . 1 0
E+N,1(v) E
+
N,2(v) · · · E+N,N−1(v) 1

. (2.54)
Then a direct comparison with the relations of the half currents leads us to the following con-
jecture.
Conjecture 2.4 The L-operator L̂+(v) satisfies the following RLL = LLR∗ relation.
R+(12)(u1 − u2, P + h)L̂+(1)(z1)L̂+(2)(z2) = L̂+(2)(z2)L̂+(1)(z1)R+∗(12)(u1 − u2, P ). (2.55)
Here zi = q
2ui (i = 1, 2). The R-matrix R+(v, P ) is the image of the universal R-matrix
R(r, {sj}) of Bq,λ(ŝlN ) in the evaluation representation (πVz ⊗ πV1), V ∼= CN , given by














(c(v, sj,l)Ejl ⊗ Elj + c¯(v, sj,l)Elj ⊗Ejl) , (2.57)
where sj,l =
∑l−1















And R+∗(v, s) = R+(v, s)|r→r∗ . Up to a gauge transformation, R+(v, P ) coincides with the
Boltzmann weight of the ŝlN RSOS model[6].
The c = 1 case, the statement was proved by using the free field realization [3].
Now let us define the modified L-operator L+(v, P ) by
L+ (z, P ) = L̂+ (z)





. . . 0











ǫj = hǫj ⊗ 1, hǫm ≡ −Emm (a N ×N matrix unit). We then show that the modified L-
operator depends on neither Qǫ¯j nor ηj and satisfies the dynamical RLL relation of Bq,λ(ŝlN )[4].
Corollary 2.5
R+(12)(v, P + h)L+(1)(z1, P )L
+(2)(z2, P + h
(1)) = L+(2)(z2, P )L
+(1)(z1, P + h
(2))R+∗(12)(v, P ),
(2.61)
where u = u1 − u2.
Hence, we regard the elliptic currents Ej(v), Fj(v) (1 ≤ j ≤ N − 1) and Kj(v) (1 ≤ j ≤ N) in
Uq,p(ŝlN ) as the Drinfeld realization of the elliptic algebra Bq,λ(ŝlN ) tensored by the Heisenberg
algebra.
Uq,p(ŝlN ) = Bq,λ(ŝlN )⊗C{Pǫ¯1 ,Pǫ¯2 ,..,Pǫ¯N−1} C{Hˆ}. (2.62)
3 Vertex Operators of Uq,p(ŝlN)








F ⊗ eµ1Qǫ¯1+···+µN−1Qǫ¯N−1 .
Let Ψ∗W (z, P ) be the type II intertwining operator of Bq,λ(ŝlN ) [4]. We define the type II vertex
operator Ψ̂∗W (z) of Uq,p(ŝlN ) as the following extension.
Ψ̂∗W (z) = Ψ
∗





 :Wz ⊗ F̂ −→ F̂ ′. (3.1)
From the intertwining relation of the Bq,λ(ŝlN ) intertwining operators, we derive the following











VW (u1 − u2, P − h(1) − h(2)). (3.2)
Let us consider the vector representation V =W ∼= CN of Bq,λ(ŝlN ). We denote a basis of V
by {vm}Nm=1. In this representation, the R-matrix R+V V (v, P ) is given by R+(v, P ) in (2.56) and
the L-operator L̂+V (z) by L̂





(vm ⊗ ·) = Ψ∗m(z), (3.3)






3.2 Free field realizations
We here construct a free field realization of the vertex operators fixing c = 1. Let αj be the simple
root operator. We make the standard central extension [αj , αk] = πiAjk and set αˆj = αj + α¯j,
where α¯j is an element of the Heisenberg algebra C{Hˆ}. Then we have
Proposition 3.1 The currents Ej(v) and Fj(v) given by






 : eαˆjzhje−Qαj (q−j+Nz)−Pαj−1r∗ ,
(3.5)






 : e−αˆjz−hj(q−j+Nz)Pαj−1r +hjr , (3.6)
together with H±j (v),Kj(v) given in (2.40)-(2.41) satisfy the commutation relations in Definition
2.1 for level c = 1.
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Now using this free field realization in (2.48)- (2.50), we obtain a realization of the L-operator
L̂+(v) for c = 1. Using this in the ”intertwining relation” (3.2), we can solve it for the II vertex
operator.
Theorem 3.2 The highest components of the type II vertex operator Ψ∗N (z) is realized in terms
of a free field by












(αˆ1 + 2αˆ2 + · · · + (N − 1)αˆN−1). The other components of the type II vertex














[vm+1 − vm − Pj,m+1 + 12 ]∗[1]∗
[vm+1 − vm − 12 ]∗[Pj,m+1 − 1]∗
. (3.8)
Here vN = v. The integration contour C
∗ is specified as follows. For the integration contour for
wm (j ≤ m ≤ N − 1), the poles at wm = p∗nq−1wm+1 (n = 0, 1, ..) are inside, whereas the poles
at wm = p
∗−nqwm+1 (n = 0, 1, ...) are outside.



















(u1 − u2, P ) (3.9)








3.3 The dual vertex operator
The dual of the type II vertex operator of Uq,p(ŝlN ) is an operator satisfying
Ψ(z) : F̂ → Vz ⊗ F̂ ′. (3.11)

























(pq2N ; q2N , p∗)∞(q
2Nq−2; q2N , p∗)∞
(q2Np∗; q2N , p∗)∞(q2N ; q2N , p∗)∞
,






























(p∗; p∗)2N−3∞ (q−2; p∗)N∞
(p; q2N , p∗)∞(q
−2; q2N , p∗)∞
(p∗; q2N , p∗)∞(q2N ; q2N , p∗)∞
,












[vm−1 − vm − Pm−1,j + 12 ]∗[1]∗
[vm−1 − vm − 12 ]∗[Pm−1,j − 1]∗
, (1 ≤ j ≤ N) (3.15)
where v = v0 and












((N − 1)αˆ1 + (N − 2)αˆ2 + · · · + αˆN−1). The integration contour C is specified by
the condition : for the contour for wm (1 ≤ m ≤ j − 1), the poles at wm = q−1wm−1p∗n (n =
0, 1, 2, ...) are inside, whereas the poles at wm = qwm−1p
∗−n (n = 0, 1, 2, ...) are outside.
Remark The free field realizations of the vertex operators in Theorem 3.2 and of the dual
vertex operators are essentially the same as those of the ŝlN RSOS model obtained in [15, 16].
4 Fusion of the Vertex Operators
We now consider the fusion of the type II vertex operator Ψ∗1(z2) and its dual Ψ1(z1). Namely, we
consider a product Ψ1(z1)Ψ
∗
1(z2) and investigate the limits to the fusion points z1 = q
−Np∗nz2 (n =
0, 1, 2, .., N), where the contour in (3.8) for w1 gets pinches.
For example, let us consider the case n = 1. If we take residues for the poles wN−1 =
q−1z2, wj−1 = q
−1wj (j = N − 1, N − 2, .., 3), the limit z1 → q−Np∗z2 causes pinches in the
12
contour for w1 at two points w1 = q
−(N−1)z2, q
−(N−1)p∗z2. Similarly, for 1 ≤ l ≤ N − 2, if we
take residues at the poles wN−1 = q
−1z2, wj−1 = q
−1wj (j = N−1, N−2, .., N − l+1), wN−l =
q−1p∗wN−l+1, wj−1 = q
−1wj (j = N− l−1, N − l−2, .., 3), the same limit z1 → q−Np∗z2 causes
a pinch in the contour for w1 at a point w1 = q
−(N−1)p∗z2. Hence in the limit z1 → q−Np∗z2,
we obtain totally N terms of contributions from the residues at the N pinching points. Similar




















































2Np∗−n; q2N , p∗)∞(q
2N−2p∗−n; q2N , p∗)∞




∑′ denotes the sum over the complementary set to 1 ≤ j1 < j2 < .. < jn ≤ N .
Cj1,j2,..,jn are constants not important here.
The basic operators Λj(z) (1 ≤ j ≤ N − 1) coincides with those in the deformed WN
algebra[7, 8]. The expressions for T˜n (1 ≤ n ≤ N) are almost same as those of the generating
“currents” of the deformed WN algebra, but the unit of the q-shift in the arguments in Λj(z)
is different. In an identification of the parameters pW = q
−2, qW = p = q
2r, where pW and qW
are p and q in [7, 8], respectively, the unit of the q-shift in [7, 8] is given by pW , whereas it is
p∗ = q2(r−1) in our T˜n(z). As a consequence, we have
T˜N (z) =: Λ1(z2q
(N−1)r∗)Λ2(z2q
(N−3)r∗) · · ·ΛN (z2q−(N−1)r∗) :6= 1. (4.5)
Therefore, our deformed W algebra generated by T˜n (1 ≤ n ≤ N) is glN type instead of slN
type.
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On the other hand, since the type II vertex operator Ψ∗(z) and its dual Ψ(z) are the creation
operators of the physical excited particle and anti-particle, it is natural to identify the operators
T˜n(z) (1 ≤ n ≤ N) with the creation operator of their bound states. The S-matrix of the bound
state particles are calculated as follows.






















Again, this S-matrix is different from the one obtained by Feigin and Frenkel (sec7.2 in [7] )
only by the choice of the unit of the q-shift.
The scaling limit of the ŝlN RSOS model is expected to be the RSOS restriction of the affine
Toda field theory with imaginary coupling constant. It is interesting to compare the scaling
limit of our S-matrices, R∗(v, P ) for the excited particle and Sn,m(z) for the bound states, with
the bootstrap results [17, 18].
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the Elliptic Quantum Group Bq,λ(ŝlN ), to appear in Commun.Math.Phys.
[4] Jimbo, M., Konno, H., Odake, S. and Shiraishi, J.: Quasi-Hopf Twistors for Elliptic Quan-
tum Groups, Transformation Groups 4, 303-327 (1999).
14
[5] Jimbo, M. and Miwa, T. Algebraic Analysis of Solvable Lattice Models. CBMS Regional
Conference Series in Mathematics vol. 85, AMS (1994).
[6] Jimbo, M., Miwa, T. and Okado, M.: Solvable Lattice Models Whose States are Dominant
Integral Weights of A
(1)
n−1, Lett.Math.Phys. 14, 123-131 (1987).
[7] Feigin, B. and Frenkel, E.: Quantum W -Algebras and Elliptic Algebras, Commun.
Math.Phys. 178 653–678 (1996).
[8] Awata, H., Kubo, H., Odake, S. and Shiraishi, J.: Quantum WN Algebras and Macdonald
Polynomials , Commun. Math.Phys. 179 401–416 (1996).
[9] Frenkel, E. and Reshetikhin, N.: Deformation of W -Algebras Associated to Simple Lie
Algebras, Commun. Math.Phys. 178 653–678 (1996).
[10] Jimbo, M., Konno, H., and Miwa, T.: Massless XXZ model and the Degeneration of the
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